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Abstract 


We  consider  the  problem  of  preemptively  scheduling  n  jobs  on 
a  system  of  m  uniform  processors.  Each  job  has  a  release 
time,  a  due  time,  and  a  memory  requirement  associated  with 
it.  Each  processor  has  a  speed  and  a  memory  capacity  asso¬ 
ciated  with  it.  Linear  programming  formulations  are  ob¬ 
tained  for  the  following  optimization  criteria:  (1)  minimize 
the  schedule  length  and  (2)  minimize  the  maximum  lateness. 
We  also  consider  three  special  cases  with  the  former  optimi¬ 
zation  criteria.  For  each  of  these  cases,  low  order  polyno¬ 
mial  time  algorithms  are  obtained. 
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1,.  Introduction 

Let  J  *  {  |  1  <  i  <  n  }  be  a  set  of  independent  jobs. 

Associated  with  each  job,  is  a  4-tuple  (t^,  nu,  rA,  di) 

where  t^  is  the  job's  processing  time  (t^  >  0),  nu  is  its 
memory  requirement,  ri  is  its  release  time,  and  is  its 
due  time.  Let  P  ■  {  P^  I  1  i  ^  m  }  be  a  set  of  m  proces¬ 
sors.  With  each  processor,  PA,  there  is  a  2-tuple  (s^  v^) 
associated,  is  the  speed  of  P^  and  is  its  memory 

capacity .  Job  (or  simply  job  i)  can  be  run  on  processor 
Pj  (or  simply  processor  j)  iff  <_  jUj.  Furthermore,  it 

takes  Pj  ti/8j  time  to  completely  run  job  J^.  P  is  said  to 
be  a  uniform  processor  system  with  memories .  If 

S1  "  s2  “  •**  “  8m'  then  P  is  a  system  of  identical  proces- 

sors  with  memories.  If  s,  *  s„  *  . . .  «  s_  and 

— — .  -  -  12  m 

W1  “  tf2  “  ***  “  ^m'  P  is  8i®P1y  a  system  of  identical  pro¬ 
cessors  .  Finally,  if  jij  *  JUj  »  . . .  *  jum,  P  is  called  a  sys¬ 

tem  of  uni form  processors . 

A  feasible  preemptive  schedule  S  for  job  set  J  on  the 
processor  system  P  is  an  assignment  of  jobs  to  time  slots  on 
processors  such  that: 

(a)  No  job  is  processed  by  more  than  one  processor  at  any 
given  time. 

(b)  No  processor  executes  more  than  one  job  at  any  given 
time . 

(c)  The  total  processing  assigned  for  each  job  equals  its 
processing  requirement. 

(d)  No  job  is  processed  by  a  processor  with  memory  capacity 
less  than  the  job's  memory  requirement. 

(e)  No  job  is  processed  before  its  release  time. 
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S  is  a  nonpreemptive  schedule  iff,  in  S,  each  job  is 
processed  continuously,  on  the  sane  processor,  from  its 
start  to  finish. 

The  finish  time,  f^,  of  job  i  in  schedule  S,  is  the 

time  at  which  its  processing  is  completed.  The  length  (or 

finish  time),  C_  _(S),  of  schedule  S  is  the  least  time  by 
■ — -  -  -  "  max 

which  all  jobs  have  been  processed.  I.e., 

C  (S)  ■  max{f . } 
max  ^  x 

The  Croax  problem  is  that  of  determining  a  schedule  S 

for  which  C _ (S)  is  minimum  amongst  all  feasible  schedules. 

Let  S  be  a  feasible  schedule.  Lj  «■  f^  -  d^  is  the  lateness 

of  job  i,  1  <  i  <  n.  L _ ( S )  ■  max . t L . }  is  the  maximum 

lateness  of  any  job  in  S.  The  Lmax  problem  is  that  of 

determining  a  schedule  with  minimum  . 

When  S  is  restricted  to  be  a  non-preemptive  schedule, 

the  L___  problem  is  known  to  be  NP-hard  even  when  m  •  1  [3]. 

max 

Under  this  same  restriction,  the  C_  problem  is  NP-hard 

max 

even  when  m  *  2,  s1  »  s 2,  n1  *  u2«  and  ri  *  r2  “  * ’ *  *  rn 

[3].  In  the  remainder  of  this  paper,  we  shall  therefore  be 

concerned  only  with  schedules  in  which  preemptions  are  per¬ 
mitted  . 

Suppose  that  P  is  a  system  of  identical  processors 
(i.e.,  Sj  ■  s2  ■  ...  *  sm  and  ^  *  P2  “  • • •  *  .  When  all 

jobs  have  the  same  release  time  (r^  ■  r2  *  ...  »  rn)  a 

schedule  that  minimizes  C_„  can  be  obtained  in  0(n)  time 

HlaA 

using  McNaugton's  algorithm  [12].  When  the  release  times 
are  not  necessarily  the  same,  a  schedule  that  minimizes  Cmax 
can  be  obtained  in  0(nm)  time  using  the  algorithm  of  Gon¬ 
zalez  and  Johnson  £53. 


•  •  • 


If  P  is  a  uniform  processor  system  (ju^  *  jjj 

jj  )  and  all  jobs  have  the  same  release  time,  a  schedule 
m 

minimizing  Cmax  may  be  obtained  in  0(n  +  mlogm)  time  using 

the  algorithm  of  Gonzalez  and  Sahni  [7].  When  the  release 

times  are  not  necessarily  the  same,  the  algorithm  of  Sahni 

and  Cho  [14]  may  be  used.  This  algorithm  has  a  complexity 
2 

of  0(m  n  +  mnlogn) . 

Scheduling  on  processor  systems  with  memories  has  been 
studied  by  Kafura  and  Shen  [8]  as  well  as  by  Lai  and  Sahni 
[11].  Both  these  papers  deal  exclusively  with  a  system  of 
identical  processors  with  memory.  Kafura  and  Shen  [8] 
develop  an  O(nlogm),  n  ^  m,  algorithm  for  the  C  problem 
when  all  release  times  are  the  same.  Lai  and  Sahni  [11] 
consider  the  L___  problem  when  all  release  times  are  the 
same.  Their  algorithm  is  of  complexity  0(kzn  +  nlogn)  where 
k  is  the  number  of  distinct  due  dates  and  n  >_  m. 

In  this  paper,  we  consider  scheduling  systems  of  uni¬ 
form  processors  with  memories.  In  Section  2,  we  obtain 
linear  programming  formulations  for  the  Cmax  and  Lfflax  prob¬ 
lems.  Three  special  cases  of  Cmax  problem  are  considered  in 
Section  3.  Each  of  these  cases  assumes  that  all  jobs  are 
released  at  the  same  time  (i.e.,  r,  *  r-  ■  ...  *  r  ) .  In 
addition,  the  three  cases,  respectively,  assume: 

(1)  m  ■  2 

(2)  m  ■  3 

(3)  The  m  processors  can  be  partitioned  into  two  classes  A 

and  B  such  that  all  processors  in  A  have  the  same  speed 

while  all  those  in  B  have  the  same  memory  size.  In 

addition,  all  processors  in  A  have  a  larger  memory  size 
than  those  in  B.  So,  for  some  ordering  of  the  proces¬ 
sors,  it  is  the  case  that  _>  ju2  >,  ...  >  * 

...  ■  and  ■  «2  "  •••  "  *k* 
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For  each  of  the  above  three  cases,  we  develop  low  order 
polynomial  time  algorithms. 


2.  Linear  Programming  Formulations 

Let  J  be  a  set  of  n  jobs  and  let  P  be  a  set  of  m  processors. 
Without  loss  of  generality,  we  assume  that  >.  a>2  —  •  •  •  2L 
Furthermore,  let  S  be  any  schedule  for  J  on  P.  The 
following  notation  will  prove  useful  in  obtaining  the  linear 
programming  formulations. 


(a)  h(i)  is  the  largest  index  such  that  job  i  can  be  pro¬ 
cessed  on  Ph<  jj.  1 .  e . ,  h(i)  ■  max  {  j  I  nw  <_  p  ^  J . 

(b)  q1#  q2#  ...,  qu  are  the  distinct  release  times  in  the 
multiset  {  rx,  r2,  ....  rn  }  and  qx  <  q2  <  ...  <  qy. 
Let  qu+1  denote  the  length  of  S  (i.e.,  qu+1  «  cmax*S^  ' 
Clearly,  qu  <  qu+1 . 


(c) 

(d) 


r(i)  is  such  that 


qr ( i ) '  1  ±  1  ±n- 


x^jk  denotes  the  amount  of  time  for  which 


job 


is 


assigned  to  procesor  j  (or  P^)  in  the  interval  [q^ 


q 


lk+l 


3,  l  <  i  <  ni  l  <  j  <  b,  n  k  <  ii, 


2.1  The  C _  Problem 

—  ■  max  ’  ■  ■  - — 

It  is  clear  that  for  every  feasible  schedule  S  the  x^^s 
satisfy  the  following  constraints  (  (2.1)  -  (2.4)  ): 


j£lXijk  ± 


%’  1  1  i  1  n>  1  <  u 


(2.1) 


I.e.,  no  job  is  scheduled  in  any  interval  for  an  amount  of 
time  greater  than  the  interval  length. 


n 

5  xijk  £  -  qk*  1  £  j  £  »#  1  £  *  £  u  (2.2) 

1 
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I.e.,  no  processor  is  scheduled  in  any  interval  for  an 
amount  of  time  greater  than  the  interval  length. 


m 

1  xiik  *0'  1  i  1  ±  n'  1  1  *  i  u  (2.3a) 

j«h(i)+l  13K 


I.e.,  no  job  is  assigned  to  a  processor  with  insufficient 
memory . 


r( i)-l 

2  *  0,  1  <  i  <  n,  l<j<m  (2.3b) 

k=l  J  ~  ~ 


I.e.,  no  job  is  processed  before  its  release  time. 


m  u 

2  2  x^v8j  *  t • ,  1  <  i  <  n  (2.3c) 

j-lk-1  1]K  1  1 


I.e.,  each  job  is  completed. 
And 


xijk  -0'  1  1  *  i  n'  1  i  j  i  ■">  (2.4) 

I.e.,  all  assignments  are  for  a  nonnegative  amount  of  time. 


One  readily  sees  that  if  the  Xj^s  satisfy  the  above 
constraints,  then  they  also  satisfy  the  requirements  of  the 
Gonzales-Sahni  [6]  theorem  for  open  shop  scheduling.  Hence, 
their  algorithm  can  be  used  to  obtain  a  feasible  schedule  of 
length  qu+^  in  which  job  i  is  scheduled  on  processor  j  in 
interval  Cq^,  3j(+l^  for  exactly  time.  So,  a  schedule 
that  minimizes  Cmax  can  be  obtined  by  first  solving  the 
linear  programming  program: 


minimize 

subject  to  constraints  (2.1),  (2.2),  (2.3a),  (2.3b), 
(2.3c)  and  (2.4). 
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Once  the  x^j^s  and  <?u+1  have  been  obtained,  the  schedule  can 
be  constructed,  interval  by  interval,  using  the  algorithm 
for  open  shop  scheduling  [6].  It  is  not  too  difficult  to 
see  that  the  n(u+m+l)  equalities  corresponding  tc  (2.3a), 
(2.3b),  and  (2.3c)  can  be  replaced  by  the  n  equalities: 

h(i)  u 

5  1  xiiksi  "  1  1  1  i  n  (2*3) 

j-lk-r(i)  3  x 

in  the  above  linear  programming  formulation.  In  addition, 
the  variables 


xi^k,  h(i)+l  <  j  <  ni, 


1  <  k  <  r(i)-l. 


1  <  i  <  n 


may  be  set  to  zero.  This  transformation  reduces  the  total 
number  of  variables  and  inequalities  and  so  results  in  a 
simpler  linear  program. 


The  most  practical  way  to  solve  the  formulated  linear 
program  is  via  the  simplex  method.  This  is  known  to  have  a 
good  expected  performance  (see  Dantzig  [1]).  The  simplex 
method  does  however  have  an  exponential  worst  case  perfor¬ 
mance  ([4]  and  C10]).  It  should  be  pointed  out  that 
Khachian  [9]  has  obtained  a  polynomial  time  algorithm  to 
solve  linear  inequalities.  His  algorithm  has  a  worst  case 
complexity  that  is  0(Ln  (mn+n  )),  where  m  is  the  number  of 
inequalities;  n  the  number  of  variables;  and  L  the  number  of 
bits  needed  to  represent  all  the  coefficients.  Gacs  and 
Lovasz  [2]  describe  how  linear  programming  problems  can  be 
reduced  to  solving  systems  of  inequalities. 

From  the  results  of  Khachian  [9],  Gacs  and  Lovasz  [2], 
Gonzalez  and  Sahni  [63,  and  our  linear  programming  formula¬ 
tion,  it  follows  that  the  CInax  problem  can  be  solved  in 
polynomial  time. 
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2.2  The  Lmax  Problem 


Let  S*  be  a  schedule  that  minimizes  L  .  Let  y*  * 

max 

Lmax(S*).  It  is  not  too  difficult  to  see  that  y*  is  the 
smallest  y  for  which  the  job  set  characterized  by  (t^,  nu, 
ri*  di  +  *  1  j  i  j  tii  has  a  schedule  S  with  I^^fS)  _<  0. 

Let  y  be  arbitrary.  We  may  determine  whether  or  not 
there  is  a  schedule  for  (t^,  n^,  ri#  d^^  +  y),  1  <  i  <  n  that 
has  an  Lmax  <  0  as  follows.  First  sort  the  distinct  release 
and  due  times  in  the  multiset 


l^lHi^nlBld.  +  y|ni<ii)  (2.5) 

to  get  the  ordered  set  (q1#  q2,  ....  qu),  qx  <  q2  <  •••  < 

qu*  Let  r(i)  and  d(i)  be  such  that  rA  «  qr(i)  an<a  di  +  y  “ 
qd(i) *  1  <  i  i  n-  From  the  development  of  Section  2.1,  it 
follows  that  there  is  a  schedule  with  Lmax  _<  0  iff  the  fol¬ 
lowing  linear  system  has  a  feasible  solution  (x.  ..  denotes 

1  jK 

the  amount  of  time  for  which  job  i  is  scheduled  on  Pj  in  the 
interval  [qk<  qk+13). 


m 


1  qk+l  "  qk'  1  i  1  -1  n'  1  1  k  <  u 


^1*1  jk  -  qk+l  "  qk'  1  -  ^  l<.k<u 
h(i)  d(i_)-l 

S  2  ,  1  <  i  5  n 

j-1  k-r(i)  i3X  3  1 

xijk  i  0.  1  <  i  <  n,  1  <  j  <  m,  1  <  k  <  u 


(2.6) 

(2.7) 

(2.8) 

(2.9) 


To  determine  y*  (the  least  y  for  which  a  schedule  with 

L  <  0  exists),  construct  the  set  A  ■  (  6  |  d,  ♦  6  ■  r4 

max  —  5  i  j 

for  some  i  and  j  } .  Note  that  I  A  I  *.  «  and  21  may  contain 
both  positive  and  negative  elements.  Let  6.,  6~,  ...,  6  be 

12  p 


-  9  - 


the  elements  of  A*  We  may  assume  that  6^  <  < 

Since  6,  »  min.fr.}  -  max.fd.},  d.  +  6,  <  r. 


min^fr^}  -  max^fd^,  d^  +  6^^  _<  for  every  i. 


Hence,  there  is  no  schedule  with  L_ 


<_  0  when  the  job 


characteristics  are  (t^,  nu,  r^,  d^  +  6^^),  1  <  i  <  n. 

The  next  step  in  determining  y*  is  to  find  the  largest 

j  such  that  there  is  no  schedule  with  Ll  _  <  0  for  (t. ,  m.  , 

ri'  ^i  +  6j),  1  <  i  <  n.  This  can  be  done  by  carryinr  out  a 

binary  search  over  the  6^s  and  using  the  formulation  (2.6)  - 

(2.9)  to  determine  the  existence  of  a  schedule  with  L_  < 

max  — 

0 .  Let  this  largest  j  be  w.  If  w  ■  p,  then  we  may  define 


oo  for  convenience.  It  is  now  clear  that  6.  < 

w 


y*  < 


6  . , .  Let  (q, ,  q„,  ...,  q  )  be  the  ordered  set  of  distinct 
w+1  ’1  2  u 

release  and  due  times  obtained  when  y  is  set  equal  to  6^  in 
(2.5).  Let  6  be  arbitrary.  If  qA  corresponds  to  a  d^  +  6w 
but  no  r^,  then  replace  it  by  dj  +  6.  If  q^  corresponds  to 


both  an 


ww  uti  an  4.  ^  auu  a  u  j  t  then  insert  d^  +  6  into  the 
sequence  of  qis  immediately  after  q^.  Let  the  new  sequence 
be  (q'1#  q  2'  •••»  <j'u.)*  u'  .1  u*  Note  that  for  6w  <  6  < 
^w+1'  ^'l  <  ^2  K  ***  *  3'u'*  Consequently,  for  6  in  this 
range,  the  r  and  d  functions  defined  by  r^  «  q’r(i)  and  di  + 
6  ■  q’d(£j  do  not  change  with  6.  This  allows  us  to  formu¬ 
late  the  following  linear  program: 

minimize  6 


subject  to  2  <_  q'x+i  "  <3'k»  1  <  i  <  n,  1  <.  k  <  u' 


*  xijk  i  ‘J’k+i  -  1  i  3  i  1  <  k  <  »' 


h(_i)  d(i_)-l 

1  2  X-MV*4  "  1  i  1  n 


>1 


6  <  6  <  6  .. . 

w  w+1 
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xijk  i  0' 


1  ^  i  <  n,  1  j(  j  <  m,  1  ^  k  <  u‘ 


From  our  earlier  discussions,  it  follows  that  if  the 
above  linear  program  has  no  feasible  solution,  then  y*  = 
6w+^;  if  it  does  then  y*  is  the  min  6  obtained  above.  Once 
y*  has  been  obtained,  a  schedule  with  Lmax  =  y*  is  easily 
constructed . 


In  conclusion,  we  note  that  the  L  algorithm 

IuaX 

described  can  be  implemented  in  polynomial  time. 


3. •  Special  cases 

In  this  section,  we  assume  that  all  jobs  are  released  at 

time  0.  Since  only  the  C  problem  is  considered,  we 

max 

ignore  the  due  times  that  may  be  specified.  Under  the 
preceding  restriction  on  the  release  times,  the  Cmax  problem 
is  studied  for  the  following  cases: 

(1)  m  *  2 

(2)  m  »  3 

(3)  The  m  processors  can  be  partitioned  into  two  classes  A 
and  B  such  that  all  processors  in  A  have  the  same  speed 
while  all  those  in  B  have  the  same  memory  size.  In 
addition,  all  processors  in  A  have  a  larger  memory  than 
those  in  B. 

In  order  to  establish  the  correctness  of  our  algo¬ 
rithms,  we  shall  make  use  of  an  important  result  from  Sahni 
and  Cho  [13].  Let  Pi#  1  <  i  <  m  be  m  processors  with  the 
same  memory  size.  Let  s^(t),  1  <  i  <  m  be  m  nondecreasing 
functions;  s^(t)  gives  the  speed  at  which  may  operate  at 
time  t.  { Pj ,  ?2 i  • Pm}  is  a  generalized  processor  system 
(GPS)  iff  s^(t)  s^+^(t),  1  ±  i  <  m  for  all  t. 


j 
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Theorem  1^  [Sahni  and  Cho] :  Let  t^,  N  i  <  n  be  n  job  times 
such  that 


*1  i  *-2  - 
L 


i  tn' 


Let  {P1#  Pg, 


P„)  be  a 
m 


GPS  and  let 
then  set  T_ 


i  t . ,  1  <  k  <  m  and  T 
i-1  1  m 


I  t.  (  if  n  <  m, 
i»l  1 

T  ) .  The  given  n  jobs  can  be 


ln+l  *n+2 

scheduled  on  the  given  GPS  to  finish  by  time  d  iff: 


i  d 

Ti  i  2  T  s.(t)dt,  1  <  i  <  m.  [] 

j«l  0  3 


One  can  prove  that  the  preceding  theorem  is  true  even 
if  the  restriction  that  s^(t)  is  a  nondecreasing  function  of 
t  is  removed.  (Actually,  Sahni  and  Cho's  proof  in  [133  does 
not  use  the  property  that  s^(t)  is  nondecreasing.)  Suppose 
that  H1#  H2,  and  H3  form  a  relaxed  GPS,  A,  (i.e.,  one  that 
satisfies  all  the  requirements  of  a  GPS  except  that  s^(t) 

may  not  be  a  nondecreasing  function  of  t) .  Let  L.  » 

d  1 

f  8,(t)dt,  1  <  i  <  3.  Let  L'.,  1  <  i  <  3  be  the 

0  1 
corresponding  values  for  some  other  relaxed  GPS,  B.  If  L1  > 

L '  x ,  Lx  +  L2  >  L'j  +  L'2,  and  L1+L2+L3_>L*1+L’2  + 
L'3»  then  it  follows  that  every  job  set  that  can  be 
scheduled  to  complete  by  d  on  B  can  also  be  scheduled  to 
complete  by  d  on  A.  This  observation  will  be  implicitly 
used  in  Section  3.2. 


3 .1  m  •  2 


Without  loss  of  generality,  assume  that  an<J  mi  —  wl' 

1  <  i  £  n.  Let  n^  be  such  that  m^  >  n2,  1  j  i  <  n^,  and 

either  n^  ■  n  or  m^  _<  *i2,  nj  <  i  <_  n  (it  may  require  a  job 
reordering  to  guarantee  such  a  n^).  So,  jobs  1,  2,  ...,  nA 
must  be  scheduled  on  P^  while  jobs  n^+l,  n^+2,  ...,  n  may  be 
scheduled  on  either  or  P2.  Further,  assume  that  tn  > 

ti'  nl  +  2  _<  i  <  n.  We  first  observe  that  if  there  is  a 
schedule  S  for  the  n  jobs  such  that  C  _(S)  ■  d,  then  there 

in  cl  x 

is  a  schedule  with  the  same  finish  time  d  in  which  jobs  1, 
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2/  are  scheduled  on  P^  from  time  0  to  time  T  m 

.1 

(  >  t.)/s,  (see  Figure  1). 
i«l  1  1 


Figure  1 

To  see  this,  note  that  the  schedule  S  can  be  divided  into 
intervals  with  the  property  that  in  each  interval  the  jobs 
scheduled  on  P1  are  either  all  from  {l,  2,  ....  n^^  ]  or  all 
from  In^+1,  n^+2,  n} .  Once  this  division  into  inter¬ 

vals  has  been  done,  we  can  easily  construct,  by  interchang¬ 
ing  intervals,  a  new  schedule.  S' ,  in  which  all  intervals 
cor J lining  jobs  from  (1,  2,  ...»  n^ }  are  at  the  left.  S' 
has  a  finish  time  d. 

Hence,  the  Cmax  problem  when  m  »  2  reduces  to  finding  a 
minimum  finish  time  schedule  for  jobs  {^+1,  ...,  n}  on  a 
two  processor  system  (Q^,  Q2 }  in  trtiich  Qj  operates  at  speed 
0  from  time  0  to  T  and  at  speed  s^  after  T;  and  Q2  operates 
at  speed  s2  from  time  0.  Furthermore,  we  may  assume  that 
and  Q2  have  the  same  memory  size.  If  s2  _>  s^,  then  {Q2,  } 

forms  a  GPS.  If  s2  <  s^,  then  a  GPS  {Rj,  R2)  equivalent  to 
(Ol,  02)  may  be  formed  by  assigning  to  R^  a  speed  of  s2  from 
0  to  T  and  s^  from  T  on;  R2  has  a  speed  of  0  from  0  to  T  and 
s2  from  T  on  ( see  Figure  2 } . 
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(a)  82  i  (b)  s2  <  a, 


Figure  2  Forming  the  GPS 

From  Theorem  1,  we  see  that  the  jobs  n,+l,  n,+2,  . . n 
can  be  scheduled  to  complete  by  d  on  the  resulting  GPS  iff 

tR  +1  s2r  +  max{s1,  s2J(d  -  r) 

and 


n 


2  t.  <  s«d  +  s, (d  -  r) 
i-n,+l  1-2  1 


Rearranging  terms  and  combining,  we  see  that  d  must 
satisfy  the  inequality: 


^,+1 


-  82r 


4*1  A  A  &  a  +  SlT* 

d  i  S2)  +  T'  +  .2  1 


n 

where  T_  -  2  t..  Let  T,  ■ 

2  i«n,+l  1  L 

T,/.,  and  adding  the  requirement 


n_l 

2  t . .  Substituting  T 
i-1  1 

that  d  >  TV  we  obtains 


d  >  max  {—=■, 

*1 


tn1+i-82Tl/»l  Tl 
maxis,, a2)  +  s, 


Tj+Tj 

sl+»2 


(3.1) 


max 


We  immediately  see  that  the  minimum  C 


is  given  by  the 


tLfe* 


right  hand  side  of  (3.1). 


To  summarize,  a  minimum  C  schedule  for  2  processors 

max 

with  memories  can  be  obtained  by  following  the  steps  given 
below: 

Step  1.:  Determine  n^  as  given  above  (reorder  the  jobs  if 
necessary) . 

Step  2:  Schedule  jobs  1,  2,  . ..,  n^^  on  P^  from  0  to 

nl 

r  ■  iivi 

Step  3_t  Compute  the  right  hand  side  of  (3.1).  Let  this 
value  be  6. 

Step  4:  Construct  the  GPS  as  in  Figure  2.  Schedule  jobs 
n^+1,  ...»  n  on  this  GPS  from  0  to  6  using  the  algo¬ 
rithm  of  [13]. 

Step  5^:  Map  the  schedule  obtained  in  step  4  back  onto  P^  and 
P2>  This  is  trivial  because  of  the  obvious 
correspondence  between  the  GPS  and  segments  of  P^ 
and  Pg. 

Each  of  the  steps  above  takes  0(n)  time  and  the  overall 
complexity  of  the  two  processor  algorithm  is  O(n).  In  an 
actual  implementation,  of  course,  steps  4  and  5  would  be 
combined  and  the  schedule  constructed  directly  for  P.  and 


V 
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3 . 2  m  -  3 


Assume  that  ju^  L  w2  —  ^3  an<*  t^iat  the  3obs  are  ordered  such 
that  mi  1.  m2  —  (without  loss  of  generality,  we  may 
assume  that  uk  *  i i^},  1  <  i  <  n  and  so  it  takes 
only  0(n)  time  to  order  the  jobs).  Let  n^  and  n2  be  such 
that  jobs  1,  2,  . ..,  are  the  only  jobs  that  cannot  be 
processed  on  P2  or  because  of  memory  requirements  and 
jobs  1,  2,  . ..,  n2  are  the  only  jobs  that  cannot  be  pro¬ 
cessed  on  P^  because  of  memory  requirements.  Clearly,  n^  _< 
n2-  For  convenience,  we  now  define  tfi+^  *  tn+2  *  Let  Ti 


nl 

2  t.  and  T, 
i-1  1  * 


n. 


2  t . .  Further,  assume  that  t  . .  >  t, , 
n1+l  1  nl+1  “  1 


n.+2  <  i  <  n-  and  t  .  >  t  _ . >  t, ,  n,+3  <  i  <  n. 
l  —  —  2  n2+l  —  n2+2  —  l  2  —  — 


A  finish  time  d  is  said  to  be  feasible  iff  there  exists 
a  schedule  S  for  the  given  n  jobs  such  that  C  „  (S)  <  d.  We 
shall  proceed  to  obtain  a  set  of  necessary  and  sufficient 
conditions  for  d  to  be  feasible.  Once  this  has  been  done, 
we  shall  see  how  to  find  a  minimum  d  satisfying  these  condi¬ 
tions  and  to  then  construct  a  schedule  with  minimum  finish 
time.  First,  we  see  that  d  must  satisfy  the  inequalities  of 
(3.2)  below: 


k  k 

2  T±  /  2  s.  <  d,  k  -  1,  2.  3  (3.2) 

i-1  1  i-1  1 


For  the  same  reasons  as  in  Section  3.1,  we  may  limit  our 
discussion  to  schedules  in  which  jobs  1,  2,  ...,  n^  are 
scheduled  from  0  to  d^ ,  d^  -  T^/s^  on  P^  (Figure  3(a)). 
Hence,  the  scheduling  of  n^+1,  ...,  n2  must  be  done  on  the 
GPS  of  Figure  3(b).  In  this  figure,  0^  -  max  {  e1#  s2  )  and 
^2  —  min  {  ,  s 2  )• 


Let  Pfa8t  ®nd  respectively,  denote  the  processor 

with  speed  0^  and  0^  d*  Oj  *  d’j,  then  fast  -  1  and  slow  - 


f- 
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Tldl 

SS3- 


s2  dl 


*a) 


(b). 


Figure  2 


2).  Let  *  s2dl'  and  C2  “  °i  ~  di )  •  Hence,  C ^  is  P2  ’  s 
contribution  to  G^  from  0  to  d^  while  C2  is  Pfast’s  contri- 
bution  to  G^  from  dj^  to  d.  Thus  the  total  available  pro¬ 
cessing  capability  on  Gj^  is  C-^  +  C2*  Let  C3  *  C2(d2  ~  dl^ 
be  the  available  processing  on  Gj . 


We  shall  consider  three  cases  for  T2:  (a)  T2  _<  C3;  (b) 

C3  <  T2  <  +  C^;  and  (c)  +  C3  <  T2.  When  T2  —  C3'  a 

possible  assignment  for  jobs  n^+1,  .  . . ,  n2  is  to  schedule 
them  on  G2  from  d^  to  d2,  d2  «  d^  +  T2/c2  (Figure  4(a)).  If 
this  is  done,  the  GPS  that  remains  for  the  remaining  jobs  is 
as  in  Figure  4(b)  where  <r3  ■  max{  s2,  s3  } ;  cr4  *  max{  0^,  s3 
}  "  max{  Sj,  s2,  s3  J;  Cj  *  min{  s2,  s3  };  <3g  *  mint  0r1,  s3 
};  <S-j  -  max(  <?2,  <3g};  and  <3g  *  mint  o2,  <Jg  }  ■  mint  Sj.,  s2, 
83  }.  Let  r^(t)  and  r2(t),  respectively,  denote  the  speed 
of  H^  and  H2  at  time  t,  0  <  t  <  d.  We  immediately  see  that 

there  is  no  sceduling  of  jobs  n.+l,  ...,  n2  that  yields  a 

d  d  d 


larger  value  for  £  rx(t)dt  or  £  r1(t)dt  +  £  r2(t)dt.  Hence, 

from  Theorem  1,  it  follows  that  (3.2)  together  with  the  fol¬ 
lowing  ((3.3)  and  (3.4))  form  a  set  of  necessary  and  suffi¬ 
cient  conditions  for  d  when  T2  _<.  C3  s 


i  Vl  +  «4<a  -  dl> 
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d^maxt  s2#  s3 }  +  (d-d1 )max{ s1 ,s2,  s3 }  (3.3) 


%+!  +  tn2+2  ±  (<Wdl  +  <«4+<%,(d2-dl)  +  <<W<d-d2> 


d1(s2+s3)  +  (d,-d,  )  (s.j+O’t  ) 


2  U1 i \ a21 


+  (d-d2 ) ( s1+s2+s3-min{ sx ,82, s3 } )  (3.4) 


dl  d2 


J1  ffl 

C2  or 


P3  — 


°3 

°4 

a4 

°5 

a6 

°7 

0 

0 

a8 

0>) 

GPS 

Figure  4 


Next,  consider  the  case  C3  <  T2  _<  +  Cj.  If  we 
schedule  the  jobs  n^+1,  ....  n2  on  G2  from  d^  to  d  and  on  G^ 
from  0  to  (T2  -  C3)/s2  (  Figure  5(a)  ),  then  we  will  be  left 
with  the  GPS  of  Figure  5(b).  The  processing  capability,  K, 


of  is  seen  to  be  t 


K  -  83(T2  -  C3)/s2  +  (dL  -  (T2  -  C3)/s2)max{s2,  s3) 
+  (d  -  djJmaxtsj,  s2,  s3) 
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We  also  see  that  no  matter  how  jobs  n^+1,  . ..,  n2  are 
scheduled  on  and  Gj,  we  cannot  create  a  generalized  pro¬ 
cessor  from  the  remaining  idle  times  on  G^  G2,  and  P3  such 
that  its  procesing  capability  from  0  to  d  exceeds  K.  The 
total  processing  capability  remaining  on  G^,  g2>  and  G3  will 
of  course  be  the  same  no  matter  how  jobs  n^+1,  . ..,  n2  are 
scheduled.  From  these  observations  and  Theorem  1,  we  see 


that  if  (3.2)  is  satisfied  and  C3  <  T2  +  C3  then  it  is 

both  necessary  and  sufficient  that  +1  ^  K  in  order  for  d 

to  be  feasible. 


Now,  let  us  consider  the  final  case,  T2  >  +  C3.  Let 
w  «  dj^  +  (T2  -  -  C^/d^.  From  (3.2),  it  follows  that  T2 
—  Ci  +  C2  +  C3.  This  together  with  T2  >  +  C3  implies 
that  d^  <  w  £  d.  We  shall  consider  the  two  subcases:  (3a) 
tn  +1  <.  Sjdj  +  (w  -  dj)^  +  (d  -  w)d2  and  (3b)  tn^+1  >  Sj^ 

+  (w  -  d^Jdj  +  (d  -  w)d2.  In  subcase  (3a),  we  see  from 
Theorem  1  that  jobs  n^+1,  ...,  n2  can  be  scheduled  on  G^  and 
C2  as  shown  in  Figure  6(a).  To  see  this,  note  that  the 
scheduled  portions  are  equivalent  to  the  GPS  of  Figure  6(b) 
and  by  Theorem  1,  jobs  n^+1,  ...,  n2  can  be  scheduled  cn 
this  GPS. 
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d^  w 


d  0 


H2  — 


,  { 


(b)  GPS 


d.  +  d  -  v 

A  / 


Figure  6 


Once  jobs  n^+1,  . . . ,  have  been  scheduled  on  G^  and 
G2  la  this  manner,  the  remaining  idle  times  on  G^ ,  Gj,  and 
P3  yield  the  GPS  of  Figure  7.  From  Theorem  1,  it  follows 
that  jobs  n2+l,  ....  n  can  be  scheduled  on  the  GPS  of  Figure 


7  iff  ^nj+l  ^  S3W  +  <y4(d  "  w)* 


w  d 


Figure  7 


In  addition,  we  note  that  no  matter  how  jobs  n^+l,  ...» 
are  scheduled  on  G^  and  G^#  the  remaining  idle  times  on 
G^,  Gj,  and  P3  cannot  yield  a  generalized  processor  with 
capability  more  than  s3w  +  <3^( d  -  w) .  Hence,  when  (3.2) 
holds,  T2  >  C1  +  C3  and  tR  +1  <_  Sjd1  +  (w  -  d^Jdj  + 

(d  -  w)<?2»  then  it  is  both  necessary  and  sufficient  that 
tn  +1  _<  s3w  +  ^(d  -  w)  in  order  for  d  to  be  feasible. 

For  subcase  (3b),  we  have  t  ,,  >  s„d,  +  (w  -  d,  Jd.  + 

n^+i  21  li 

(d  -  w)d2  (  in  addition  to  (3.2)  and  T2  >  ci  +  C3  )•  First, 

we  observe  that  it  must  be  the  case  that  t  ^  <  C,  +  C„  as 

n^+l  —  l  2 

otherwise,  by  Theorem  1,  t  cannot  be  scheduled  on  G.  and 

n^+i  i 


G-.  Let  x  be  such  that  t  , 
2  n^-rl 


C2  +  (x  -  d1)0’1  +  (d  -  x)d2. 


I.e.,  x  «  d1  +  (tR  +1  -  -  C2)  (note  that  0^  > 
C2  when  s2dl  +  (w  ~  ♦  (<3  ”  w)d2  <  tfl  +1  <  Cj  +  C2). 
Clearly,  w  <  x  <  d  and  tfi  can  be  scheduled  on  G^  and  G 2 
as  in  Figure  8(a). 


MSfffil 


Figure  8 
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dl  * 


(T2  "  tn1+l)//<32* 


Prom  our  earlier  defini- 


Let  z 

tions  of  w  and  x,  it  follows  that  z  <  w  <  x.  Jobs  n^+2, 
. ..,  may  be  scheduled  on  from  d^  to  z  (Figure  8(b)). 


Once  this  is  done,  the  idle  times  on  G 
equivalent  to  the  GPS  of  Figure  9.  In 


1'  2 ' 
Figure  9, 


and  P,  are 


maxfo^,  s3J  and  <3^  *  minfo^. 


s3}. 


'll 


Figure  9 


The  available  capability  on  is  s3z  +  ( x  -  z)  + 

0^(d  -  x) .  One  can  argue  that  following  any  arbitrary 
scheduling  of  jobs  n^+1 ,  . . . ,  ,  there  cannot  be  a  general¬ 

ized  processor  with  greater  capability  than  that  of  (Fig¬ 
ure  9).  Hence,  the  remaining  jobs  n2+l,  . n  can  be 
scheduled  iff  tn  +1  _<  s3z  +  Oj^fx  -  z)  +  0^(d  -  x) .  This 

additional  inequality  is  both  necessary  an  sufficient  for  d 
to  be  feasible. 

Our  discussion  on  the  feasibility  of  d  is  summarized  in 
Theorem  2. 

Theorem  2t  A  given  d  is  feasible  iff  one  of  the  following 
groups  of  inequalities  holds. 

.  i 

i 

i 

| 


V 


GROUP 


GROUP 


GROUP 
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1  (case  1): 


ST,/  S  s.  <  d,  k  -  1 
i-l  1  i-l  1  ” 


,  2,  3 


(3.5) 


T2  <  C3  «  0*2  ( d  -  dx) 


(3.6) 


V  1  d  s3)  +  (d  -  d^maxfsj,  s2,  s3J  (3.7) 


*„2+l  *  \*2  dl<*2  +  s3>  +  <d2  '  dl,(s3  +  V  + 


(d  -  ^2)(s1  +  s2  +  s3  -  min{81,  s2*  s3J)  (3.8) 


2  ( case  2 ) : 


k  k 

St./  I  a.  <  d,  k  ■  1,  2,  3 
i-l  1  i-l  1  “ 


(3.5) 


C3  <  T2  -  C1  +  C3 


(3.9) 


t  +1  *3(T2  -  C3)/s2  +  (dj  -  (T2  -  C3)/s2)max{s2,  *3) 

A 


+  (d  -  d1)max{a1,  s2,  s3J 


(3.10) 


3  (case  3a): 


k  k 

S  Ti  /  S  iA  <  d,  k  ■  l,  2,  3 


(3.5) 


i-l  *  i-l 


C1  +  C3  <  T2 


-n  +1  ±  92*1  +  -  d3)  +  dr2(d  -  w) 


(3.11) 

(3.12) 


i 

i 


%+!  -  *3“  +  °«<d  *  *> 


(3.13) 


jt'*'  •.■'W*' 


•&mt****i  *--,  *&m?2 


3E5raS2BEi 
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GROUP  4  (case  3b) : 


IT./  I  s.  <  d,  k  ■  l,  2,  3 
i-1  1  i-1  1  “ 


(3.5) 


C1  +  C3  *  T2 


tn1+l  >  s2dl  +  <VW  -  dl)  +  <Vd  -  w) 


(3.11) 

(3.14) 


\+l  i  C1  +  C2 


(3.15) 


\+l  ±  S3Z  +  dll(x  -  z)  +  °’4(d  "  X) 


(3.16) 


(Note  that  (3.6),  (3.9),  and  (3.11)  are  mutually  exclusive, 
also  (3.12)  and  (3.14)  are  mutually  exclusive.  So,  for  any 
d,  at  most  one  group  of  inequalities  may  hold.)  EJ 

Each  inequality  above  (3.5  -  3.16)  may  be  rearranged 
so  as  to  be  of  the  form 


d  £  f(  ),  d  >  f(  ),  d  <  f(  ),  or  d  <  f(  ) 


where  f  is  a  function  of  the  remaining  variables.  For  each 
group,  one  can  determine  in  0(n)  time,  the  minimum  d  (if 
any)  that  satisfies  all  inequalities  in  that  group.  If  no  d 
does,  the  minimum  may  be  set  to  oo.  The  minimum  of  the  ds 
so  obtained  for  the  four  groups  above  yields  the  minimum 

Cmax’ 

Once  the  Cmax  has  been  determined  the  corresponding 
schedule  may  be  constructed  in  0(n)  time  as  discussed. 
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2-2  Two  Class  of  Processors 

Let  A  and  B  be  two  classes  of  processors  such  that  all  pro¬ 
cessors  in  A  have  the  same  speed,  sA»  while  all  in  B  have 
the  same  memory  size,  Further,  assume  that  the  memory 
size  of  every  processor  in  A  is  greater  than  that  of  the 
processors  in  B.  The  n  jobs  to  be  scheduled  may  be  par- 
tioned  into  two  disjoint  sets  R  and  T  such  that  the  memory 
requirement  of  every  job  in  R  exceeds  uB  while  the  memory 
requirement  of  every  job  in  T  is  less  than  or  equal  to  nB* 


It  is  clear  that  jobs  in  R  can  be  scheduled  cnly  on 
processors  in  A.  The  set  of  processors  in  A  forms  a  system 
of  identical  processors  with  memory.  Kafura  and  Shen  [8] 
have  developed  necessary  and  sufficient  conditions  for  d  to 
be  feasible  for  a  system  of  identical  processors  with 
memory.  Let  Ia|  “a  and  |  R  t  *  r.  Assume  that  2.  W2  —  ••• 
±  Ma  and  that  2.  m2  >,  •  •  •  2.  ror’  Let  Fi  denote  the  subset 
of  R  consisting  only  of  those  jobs  with  memory  requirement 


more  than  1  <_  i  <  a. 


Let  F. 


R.  We  assume  that  m^  _< 


Let  be  the  sum  of  the  processing  times  of  all  jobs 
in  F^(  1  _<  i  a.  Kafura  and  Shen  [8]  have  shown  that  the 
job  set  R  can  be  scheduled  on  the  processor  set  A  to  com¬ 
plete  by  time  d  iff  d  satisfies  the  inequality: 


d  >  f*  *  max{  max  (t./s.J,  max  {X./{s.i)}  }  (3.17) 

l<i<r  1  A  l<i<a  1  A 


Furthermore,  when  d  satisfies  the  above  inequality  the 

desired  schedule  may  be  obtained  by  scheduling  the  jobs  in 

the  order  1,  2,  ...,  r  using  McNaughton's  strategy  [12]  on 

the  processors  in  the  order  1,  2,  ...,  a.  The  resulting 

schedule  fully  utilizes  processors  1,  2,  . ..,  b  where  b  * 
r 

I  2  "t. . / ( *_ <3 )  I  .  In  addition,  if  b  <  a  then  processor  b+1 
i-1  A 

£ 

is  utilized  from  0  to  c  ■  rem(  i  t . ,  s.d)  /  s.  where  rem(x, 

i-1  1  A  A 
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y)  is  the  remainder  of  x  divided  by  y.  Hence  the  schedule 
is  as  in  Figure  10. 


0  A  d 

1 
2 
b 

b+1 


a 


Figure  10  Scheduling  R  on  A 

Let  S  be  any  schedule  for  the  jobs  in  R  U  T.  Let 

C  (S)  ■  d.  Clearly,  d  >  f' * .  We  shall  show  that  S  can  be 
max  — 

transformed  into  a  schedule  Q  with  C_ m  (Q)  ■  d  and  Q  is  such 

max 

that  the  jobs  in  R  are  scheduled  as  in  Figure  10.  Suppose 
that  the  jobs  in  R  are  not  scheduled  as  in  Figure  10.  Let  A 
be  such  that  d/A  is  an  integer  and  there  are  no  preemptions 
or  completion  in  the  interval  ( iA»  ( i+1  )A) ,  0  _<  i  <  d/A* 
Since  the  number  of  preemptions  in  S  is  finite  and  since  all 
the  values  concerned  are  rationale,  such  a  A  clearly  exists. 
Note  that,  by  definition  of  A'  it  i*  not  possible  for  two 
jobs  to  be  scheduled  in  the  same  A  interval  on  any  proces¬ 
sor.  Figure  11(a)  shows  a  possible  configuration  for  S. 
The  heavy  lines  represent  jobs  in  R;  the  light  lines 
represent  either  jobs  in  T  or  idle  times. 
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First,  we  shift  the  heavy  lines  in  each  A  interval  to 
the  top  of  the  A  interval.  This  results  in  the  light  lines 
moving  downwards  (but  remaining  on  the  A  processors) •  The 
result  is  the  schedule  of  Figure  11(b).  This  shifting 
preserves  feasibility  as  the  heavy  lines  move  up  to  proces¬ 
sors  with  at  least  as  much  memory  capacity.  The  light  lines 
represent  jobs  in  T  and  these  can  be  processed  on  any  of  the 
processors  in  A.  In  addition,  all  procesors  in  A  have  the 
same  speed.  So,  the  amount  of  processing  done  in  a  &  inter¬ 
val  is  the  same  for  all  procesors  in  A. 


Ad  0  A  A 
6  12 


A  Ad 
5  6 


Figure  11 
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The  next  transformation  is  to  permute  the  intervals 
so  that  the  number  of  heavy  lines  in  each  interval  is  nonin¬ 
creasing  ,  left  to  right.  This  results  in  the  schedule  of 
Figure  11(c).  As  we  can  see,  our  schedule  is  still  not  in 
the  form  of  that  in  Figure  10.  In  order  to  obtain  a 
schedule  in  the  right  form,  slots  a,  b,  and  c  need  to  be 
replaced  by  heavy  lines  and  slots  d,  e,  and  f  are  to  be 
replaced  by  light  lines.  This  can  be  done  in  a  systematic 
manner  as  discussed  below. 

Select  the  rightmost  column  into  which  a  heavy  line  is 
to  be  introduced.  Call  this  column  u.  In  this  column 
select  the  uppermost  slot  containing  a  light  line.  In  Fig¬ 
ure  11(c),  this  results  in  slot  a  being  selected.  Next, 
select  the  leftmost  column  into  which  a  light  line  is  to  be 
introduced.  Call  this  column  v.  In  this  column,  select  the 
lowest  slot  into  which  there  is  a  heavy  line.  This  yields 
slot  f  of  Figure  11(c).  It  should  be  clear  that  column  u 
has  fewer  heavy  lines  in  it  than  does  column  v.  Hence,  at 
least  one  of  the  heavy  lines  in  v  represents  a  job  not 
scheduled  in  column  u.  We  shall  select  one  such  heavy  line 
to  be  moved  into  column  u.  This  selection  is  done  by  first 
lining  up  heavy  lines  representing  jobs  common  to  u  and  v. 

Suppose  the  job  representation  for  heavy  lines  for  an 
example  u  and  v  are  as  in  Figure  12(a).  Suppose  job  i  is  in 
both  u  and  v  and  that  it  is  in  row  ru  of  u  and  row  ry  of  v. 
If  ru  <  ry,  then  i  in  column  u  is  interchanged  with  the  line 
in  row  ry  of  column  u.  This  preserves  feasibility  as 
m^  <_  ur  .  If  ru  >  ry,  then  i  in  column  v  is  interchanged 

with  the  line  in  row  ru  of  column  v.  This  also  preserves 
feasibility.  When  these  interchanges  are  performed  on  Fig¬ 
ure  12(a),  the  configuration  of  Figure  12(b)  is  obtained. 
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Ficrure  12 

For  movement  into  column  u,  we  may  select  any  one  of 
the  heavy  lines  in  column  v  that  are  lined  up  with  a  light 
line  in  column  u  (  lines  1  and  9  in  Figure  12(b)  ).  This 

guarantees  that  the  new  set  of  heavy  lines  in  column  u  can 
be  feasibly  assigned  to  the  processors.  The  remaining  heavy 
lines  in  v  may  be  shifted  upwards. 

Now,  we  have  to  move  one  of  the  light  lines  in  u  out  to 
column  v.  Suppose  that  u  and  v  are  as  in  Figure  13(a). 

•  denotes  the  jobs  from  T  assigned  to  rows  of  u  that  have 

light  lines  in  u  but  heavy  ones  in  v.  Let  the  number  of 
heavy  lines  in  v  be  w.  From  the  choice  of  u  and  v,  it  fol¬ 
lows  that  |X^ I  ■  *  >  1.  If  Xj  contains  a  job  that  has  not 
been  scheduled  in  column  v,  then  this  job  may  be  selected 
for  movement  into  column  v.  Otherwise,  permute  processors 
w+1 ,  ...,  m  so  that  the  set  of  jobs  scheduled  in  column  v  on 
processors  w+1,  w+2,  ...,  w+x  is  Xj.  Let  X2  denote  the  set 
of  jobs  scheduled  in  u  on  processors  w+1,  ...,  w+e.  If 
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every  job  in  X ^  is  scheduled  in  column  v,  then  permute  pro¬ 
cessors  w+z+1,  . ..,  m  so  that  the  set  of  jobs  scheduled  on 
w+z+1 ,  w+2z  in  column  v  is  Xj .  This  permuting  of  pro¬ 
cessors  is  continued  until  we  have  an  X^  such  that  at  least 
one  job  in  X^  is  not  scheduled  in  column  v.  Such  an  X^ 
exists  as  u  has  fewer  heavy  lines  than  does  v.  Let  x0  <*  X^ 
be  such  that  x0  is  not  scheduled  in  v.  interchange  xa  with 


0 


the  job,  x^,  scheduled  on  the  same  processor  in  v.  Clearly, 
Xj^  ■*  X^_j .  Hence  x^  is  scheduled  in  u  on  one  of  the  proces¬ 
sors  w  +  (k-3)z  +  j,  1  <  j  <  z.  Let  this  processor  have 
index  q.  Interchange  the  assignment  of  on  processor  q 
column  u  with  that  of  the  job,  Xj,  in  column  v  of  q.  Now, 
x^  ■*  X^_2  and  x 2  is  scheduled  on  q,  in  column  u  for  some  q, 
q  +  {  w+(k-4)z+j  |  1  <  j  <  z) .  We  may  continue  interchanges 
in  this  way  until  we  determine  Xj^  *  XA  that  needs  to  be 
moved  out  of  X^  from  column  u.  This  xJc_1  is  to  be  moved 
into  the  last  heavy  line  spot  in  column  v. 


By  repeating  the  interchange  process  described  above  a 
finite  number  of  times,  the  configuration  of  Figure  11(c) 
can  be  transformed  into  the  form  of  Figure  10.  Having  esta¬ 
blished  this  result,  we  see  that  we  need  concern  ourselves 
only  with  schedules  in  which  jobs  in  R  are  scheduled  as  in 
Figure  10.  For  any  d,  the  remaining  idle  times  in  A  and  the 
processors  in  B  have  the  form  given  in  Figure  14(a).  The 
processors  from  B  are  indexed  a+1,  a+2,  ...,  m.  It  is 
assumed  that  s_ ..  >  a  ._>...>  s  ,.>  s.  >  s  ....  >  . . .  > 
8^ •  The  conditions  for  d  to  be  feasible  on  this  system  of 
processors  are  easily  obtained  by  transforming  the  system 
into  an  equivalent  GPS  (  Figure  14(b)  ). 


Assume  that  the  jobs  in  T  are  indexed  r+1,  r+2,  ....  n 

i 


and  that  tr+1  _>  tr+2  _>  ...  _>  tn .  Let  VA 


l  t 

3-1 


r+j 


,  1  <  i  < 


m-b  and  V 


m-b 


n-r 

Z  t  . .  If  n-r  <  m-b,  then  let 

j-1  r  3 
-  n-r 


vn-r+l  *  •••“  vm-b  "  jf^r+j' 


n-r 


From  Theorem  1,  we  see  that  d 
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Figure  14 

For  a  given  b,  the  least  d  (  if  any  )  that  satisfies  (3.17) 
and  (3.18)  can  be  found  in  0(n)  time.  Since  as  b  decreases 
(  increases  )  this  least  d  increases  (  decreases  ),  the 
optimal  b  can  be  obtained  in  O(log  a)  ■  O(log  m)  attempts. 
Hence,  the  least  feasible  d  can  be  obtained  in  0(n  log  m) 
time.  Note  that  the  X^s  (  Eq  (3.17)  )  can  be  obtained  in 
0(r  log  a)  time  and  that  V^s  (  Eq  (3.18)  )  can  be  obtained 
in  0((n-r)  +  (m-b)  log  (m-b))  time  (  as  only  the  largest  m-b 
jobs  in  T  need  to  be  ordered  ) .  So,  the  total  time  needed 
to  confute  (cma3l)min  °(n  lo9  (  «««ume  n  _>  m  ) .  The 
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actual  schedule  can  be  constructed  in  an  additional  O(mn) 
time  using  the  algorithm  of  [12]  for  R  and  that  of  [13]  for 
T.  The  time  0(mn)  can  be  reduced  to  0(n)  using  a  scheme 
similar  to  that  of  [7]  for  T. 

4.  Conclusions 

We  have  obtained  linear  programming  formulations  for  the 
general  cmax  and  L max  problems  for  uniform  processors  with 
memories.  For  three  special  cases,  low  order  polynomial 
time  algorithms  for  the  Croax  problem  when  all  jobs  are 
released  at  time  0  have  also  been  obtained. 
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